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The nonlinear resonant decay method identifies a nonlinear dynamic system using a model based in linear modal

space comprising the underlying linear system and a small number of additional terms that represent the nonlinear

behavior. In this work, themethod is applied to an aircraftlike wing/store/pylon experimental structure that consists

of a rectangularwingwith two stores suspended beneath it bymeans of nonlinear pylons with a nominally hardening

characteristic in the store rotation degree of freedom. The nonlinear resonant decay method is applied to the system

using multishaker excitation. The resulting identified mathematical model features five modes, two of which are

strongly nonlinear, one is mildly nonlinear, and two are completely linear. The restoring force surfaces obtained

from the mathematical model are in close agreement with those measured from the system. This experimental

application of the nonlinear resonant decaymethod indicates that the method could be suitable for the identification

of nonlinear models of aircraft in ground vibration testing.

I. Introduction

T HE identification of nonlinear dynamic systems is a topic of
considerable current interest, given that many real systems

exhibit nonlinear characteristics [1]. Methods range from those that
allow detection of the presence of nonlinear effects, through indi-
cating the classification of the type of nonlinearity present, to
methods that seek to identify a mathematical model for the nonlinear
system under test. The latter class of methods is of most interest, as
they allow the response of the system to be predicted and they poten-
tially enable structural modification studies or other interventions to
be carried out.

It is generally accepted that recent developments in aerospace
engineering, such as active control systems and increasingly flexible
structures, have rendered aircraft more nonlinear. Furthermore,
traditional sources of nonlinearity such as backlash in bearings and
store pylons are still present. Therefore, the true vibrational charac-
teristics of an aircraft can only be obtained if the nonlinearity present
in the structure and control system is quantified and identified.

Because of these considerations, there is increasing interest in
ground vibration tests (GVTs) for aircraft that can detect, char-
acterize, and identify nonlinearity. Current GVT methodologies
can only readily detect nonlinearity using stepped sine or phase

resonance [2] tests. Several extensions to this methodology have
been proposed, such as the nonlinear resonant decay method (NL-
RDM) [3,4], phase-separation techniques [2,5], nonlinearity detec-
tion by wavelet transforms of impulse responses [6], describing
functions [7] (also called linearity plots [8] or modal characterizing
functions [9]), identification of nonlinearities by time-series-based
linearity (INTL) plots [10], neural networks [11], expert systems
[12], and Hilbert transforms [9].

Nonlinear system identification can be performed in physical
space (i.e., using measured inputs and responses for parameter esti-
mation) or in modal space (using modal responses). Aircraft-specific
work usually focuses on modal models due to the high level of
complexity of aircraft structures [3–5,8,10]. The usual assumption is
that aircraft are mostly linear dynamic systems that contain some
weakly nonlinear modes. These modes behave nearly linearly under
small amplitudes of excitation. Consequently, a linear modal model
is a good approximation of the true aircraft at low excitation levels
and a good basis for a nonlinear model.

The focus in this paper is on a particular approach to identifying a
nonlinear aircraft model based in linear modal space. The NL-RDM
was first proposed in 2001 [3] and further detailed in subsequent
publications [4,13]. It aims to identify a model based in linear modal
space, the so-called extendedmodalmodel. It is fundamentally based
upon a development of the original restoring force surface approach
in modal space [14] and takes advantage of the methodologies for
normal mode force appropriation [15]. In fact, the NL-RDMwas the
first approach to propose the application of appropriated excitation to
nonlinear systems to limit the number of responding modes [3]. It
seeks to consider modes as being in one of several categories:
namely, 1) modes that behave linearly, 2) modes that behave non-
linearly but are not nonlinearly coupled to othermodes, and 3)modes
that are nonlinear and are nonlinearly coupled to other modes. Each
of themodes behaving nonlinearly (i.e., categories 2 and 3) may then
be identified using a relatively-low-order model in which a limited
number of nonlinear modal terms (usually, but not necessarily, of
polynomial type) extend the linear modal equation for that mode to
account for the nonlinear effects. The use of appropriated force
patterns provides a coarse filter in which each mode of interest is
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drivenmore strongly than others, thus reducing the complexity of the
identification required.

As mentioned previously, other system identification strategies
based on a model in modal space and the restoring force surface
method have been presented: in 2004, Göge et al. [10,16] proposed
the INTL approach. Modes that are known to behave nonlinearly are
appropriated. The sinusoidal generalized force and modal accelera-
tion responses are used to calculate the nonlinear restoring force.
The nonlinear stiffness and damping terms are curve-fitted sepa-
rately using polynomial or other basis functions. Then a harmonic
balance expansion is performed on the fitted restoring force surface
to obtain linearity plots (plots of frequency and damping depen-
dence on excitation amplitude). In 2007, Göge [9] introduced
additional steps for quickly determining the modes that behave
nonlinearly. All the INTL-based approaches use either sinusoidal or
very-narrowband chirp excitations and responses to perform the
nonlinear curve fit. It should be stressed that INTL-based appro-
aches do not consider nonlinear (or linear for that matter) cross-
coupling terms. Göge et al. [10] stated that a perfect appropriation of
nonlinear modes is possible, so that only the nonlinear mode of
interest will respond. They justified this statement by referring to the
force appropriation by nonlinear systems (FANS) approach
proposed by Atkins et al. [17], although they did not actually use
this technique.

The NL-RDMmethod differs from the INTL-based approaches in
that it allows for nonlinear cross coupling. The FANS approach [17]
makes use of an optimization procedure to perfectly appropriate non-
linear modes. This optimization procedure is very time-consuming
and not ideally suited to aircraft ground vibration tests. Classical
(nonoptimized) force appropriation significantly reduces the res-
ponse of nonlinearly cross-coupled modes but does not eradicate it.
Therefore, any nonlinear mathematical model used for the identifi-
cation of nonlinear aircraft structures must allow for nonlinearly
coupled modes.

Furthermore, the NL-RDM uses responses resulting from burst
excitation in the nonlinear curve-fitting. The method involves
exciting the structure with a burst sine or narrowband chirp at the
natural frequency of the mode of interest; after the end of the burst
excitation, the responses are allowed to decay freely. The complete
force and response signals are used to perform the nonlinear
identification of the mode. As only the appropriated mode and the
modes that are nonlinearly coupled to it respond, the identified
nonlinear model is of low complexity and the number of candidate
terms is low.

The NL-RDM has been applied successfully to a number of simu-
lated systems [3,4] up to 9 degrees of freedom and also experi-
mentally to a clamped panel structure [4,13], in which a nonlinear
description of the first three modes, all behaving nonlinearly due to
stretching of the plate’s middle surface, was obtained. The structure
was continuous and the nonlinearity was distributed. Note that a
linear model could be used to represent higher-frequency modes in
which nonlinear effects are negligible.

In this paper, amore complex experimentalmodel is constructed to
represent a wing with two stores suspended under the wing via
pylons. Each store/pylon is able to rotate about a nonlinear hardening
spring arrangement just below thewing. As such, the model is repre-
sentative of a continuous aircraft structure with discrete nonlinear
elements, featuring close modes and nonlinear coupling. The NL-
RDM approach is applied to this system to determine how well the
method is able to identify such a structure over the frequency range
encompassing the first five flexible modes.

II. Nonlinear Resonant Decay Method

The theoretical basis of this method has been detailed elsewhere
[4] but will be outlined here for completeness. To allow continuous
multi-degree-of-freedom nonlinear systems to be identified, the
identification process takes place in linear modal space. If the modal
matrix of the underlying linear system may be identified, then it is
possible to transform measured responses and forces from physical
to modal space.

The equations of motion of an aircraft can be written to include
nonlinear terms such that

�M �w� �C _w� �Kw� fNL�w; _w� � �f�t� (1)

where �M is a N � N mass matrix, �C is a N � N linear damping

matrix, �K is aN � N linear stiffness matrix, fNL is aN � 1 vector of
nonlinear functions, f�t� is aN � 1 vector of excitation forces,w is a
N � 1 vector of physical displacements, and N is the number of
physical coordinates. Such a set of equations can be obtained, for
example, from the finite element modeling of an aircraft.

It is assumed that a modal representation of the system can be
achieved through the transformation

w ��p (2)

wherep is aNR � 1 vector ofmodal displacements,NR is the number
of retained modes and � is a N � NR modal transformation matrix.
For a general nonlinear system, such a transformation would be
meaningless. However, it is assumed that an aircraft can be idealized
as a system that is mainly linear and features a small number of
nonlinear modes, which behave clearly in a nonlinear manner only
when excited to a high energy level. Under this assumption, the
transformation of Eq. (2) leads to the modal representation of the
underlying linear system: that is, a linear system that behaves in a
manner almost identical to that of the full nonlinear system under
low-amplitude excitation.

The equations of motion of the underlying linear system in modal
space are given by

M �p�C _p�Kp� f�t� (3)

whereM��T �M�,C��T �C�,K��T �K�, and f��T �f. If the
aircraft structure features proportional damping, then it iswell known
that its equations of motion in linear modal space are in nominally
single-degree-of-freedom form: namely,

mr �pr � cr _pr � krpr � fNLr � fr�t� (4)

for r� 1; 2; . . . ; NR, where pr is the rth modal displacement;mr, cr,
and kr are the rth-modemodal mass, damping and stiffness; and fr is
the applied modal force. The modal mass and stiffness for the linear
system are related by the undamped natural frequency. Nonpropor-
tional damping would lead to the presence of modal damping cou-
pling terms. The term fNLr refers to the rth-mode nonlinear modal
restoring force and, in general, includes modal coordinates from
other modes to allow for nonlinear cross-coupling terms. A typical
polynomial expression for this nonlinear restoring force, involving
the rth and jth modal displacements and including nonlinear terms
up to cubic in order, might be

fNLr � A1p
2
r � A2prpj � A3p

2
j � A4p

3
r � A5p

2
rpj

� A6prp
2
j � A7p

3
j (5)

This expression includes only nonlinear stiffness terms, as witnessed
by its dependence onmodal displacements only. Nonlinear damping,
such as quadratic damping, can be modeled by including terms
depending on modal velocities; for example,

fNLr � A1p
2
r � A2prpj � A3p

2
j � A4p

3
r � A5p

2
rpj � A6prp

2
j

� A7p
3
j � A8 _prj _prj � A9 _prj _pjj � A10 _pjj _prj � A11 _pjj _pjj (6)

Other nonlinearities can be modeled using suitable basis functions.
Göge et al. [8] provided an extended list of nonlinearities and the
functions that can be used to model them.

The definition of fNLr is the crucial difference between the NL-
RDM and INTL-based approaches [9,10]. The NL-RDM allows for
contributions from other modes in fNLr , and INTL-based approaches
only allow direct contributions (i.e., only terms involving pr). As
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already mentioned, cross-coupling terms must be included for a
good-quality identification, because the force appropriation of each
mode cannot be perfect.

The idea of the NL-RDM is that the natural frequency, damping
ratio, mode shape, modal mass, and hence linear modal stiffness for
each mode may be identified using classical methods, based on
data extracted at relatively low levels of excitation for nonlinearities
for which the influence grows with increasing amplitude. For
nonlinearities such as free play, more important at low amplitude, an
underlying linear model may be extracted by exciting the system at
relatively high amplitudes [18]. In addition, the appropriated force
vectors required to excite each normal mode of the system may be
estimated using the multivariate mode indicator function (MMIF)
method [14].

Anymode that behaves linearly [seen, for example, by comparing
frequency response functions (FRFs) at several excitation levels] is
then fully defined by its modal parameters and no further nonlinear
identification step is necessary. However, any mode that behaves
nonlinearly, either because there are direct modal nonlinear terms in
the modal equation or because it is coupled nonlinearly to other
modes, will need to be identified further.

The NL-RDMnormally involves exciting a mode of interest using
a burst of sine excitation at the undamped natural frequency of the
mode and using the appropriated force vector determined from the
MMIF [15]method; the appropriated excitation is aimed at exciting a
dominant response in themode of interest to minimize the number of
other modes involved in the identification process. The measured
accelerations and forces are converted into modal space and the
accelerations are integrated to estimate modal velocities and
displacements; the burst nature of the excitation and response is such
that the double integration may be performed in the frequency
domain with minimal leakage errors.

Burst excitation refers to the case in which the excitation is only
applied during a fraction of the total force and responsemeasurement
time. Assuming that force and response signals are measured from
time 0 to time tf, a burst excitation starts at time instance t1 and
finishes at time instance t2, where 0< t1 < t2 < tf. Three types of
burst are considered for application with the NL-RDM method:
square, triangular, and 1 � cos.

A square burst sine is given by the equation

fr�t� �

8<
:
0 for t < t1
A0 sin!rt for t1 < t < t2
0 for t2 < t < tf

(7)

where A0 is the desired amplitude of excitation and !r is the un-
damped natural frequency of the rth mode of the underlying linear

system, given by !r �
�������������
kr=mr

p
.

A triangular burst sine is given by the equation

fr�t� �

8>><
>>:

A0
t1
t sin!rt for t < t1

A0 sin!rt for t1 < t < t2

A0

�
1 � t�t2

tf�t2

�
sin!rt for t2 < t < tf

(8)

That is, the amplitude of the signal increases linearly with time until
the desired amplitude is achieved. It also decreases linearly with time
after time t2. Finally, the 1 � cos burst sine is given by the equation

fr�t� �

8>><
>>:

A0
2

�
1 � cos �

t1
t
�
sin!rt for t < t1

A0 sin!rt for t1 < t < t2
A0
2

�
1� cos �

tf�t2
�t � t2�

�
sin!rt for t2 < t < tf

(9)

That is, the amplitude of the signal increases with time in a 1 � cos
manner until the desired amplitude is achieved. It decreases in a
1� cos manner after time t2. Figure 1 shows examples of all three
types of burst sine signals. The triangular and 1 � cos burst sine
signals are used to avoid the impulsive responses that can be caused
by the abrupt jump in the amplitude of the square burst signal. In
systems with very low damping, these impulsive responses can be
quite pronounced, can excite all modes, and can degrade the quality
of the subsequent curve fit. They therefore defeat the purpose of
appropriated excitation.

After the application of the excitation and the measurement of the
force and response signals, sufficient information is available to
estimate the rth-mode nonlinear modal restoring force fNLr , as a
function of time, using the equation
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Fig. 1 Three types of burst sine excitation: square (top), triangular (middle), and 1 � cos (bottom).
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fNLr � fr�t� �mr �pr � cr _pr � krpr (10)

for r� 1; 2; . . . ; NR. Using a suitable polynomial (or other) repre-
sentation for the restoring force, such as Eq. (6), a curve fit may be
performed to estimate the polynomial coefficients, with coupling
terms to other modes included if necessary. This approach is effec-
tively a direct parameter estimation procedure, as described by
Worden and Tomlinson [1]. The model order is adjusted to achieve a
suitable goodness of fit. The process is repeated for all modes that
behave nonlinearly and the results are then combined with the linear
modes to create a full set of modal equations, some linear and others
nonlinear. The system response may then be estimated for any
specified forcing input.

To summarize, the characteristics of the NL-RDM approach are
the following:

1) Only one equation of motion is normally curve-fitted at a time.
Nonlinear system identification generally works best when single-
degree-of-freedom systems are identified.

2) Force appropriation aims to ensure that only themode of interest
and all the modes nonlinearly coupled to it respond. Therefore, the
number of responses used in the curve fit, and hence the number of
candidate terms, is low.

3) By applying a burst excitation and then observing the decaying
responses, the complete nonlinear restoring force is visualized.
Therefore, a better assessment of the most suitable basis functions to
use in the curve fit can be made.

4) The burst nature of the response signals allows the accurate
numerical integration of acceleration measurements to obtain high-
quality velocity and displacement estimates.

III. Wing/Pylon/Store Experimental Model

The continuous test structure used in this paper is intended to
represent approximately the configuration of an aircraft wing having
two underwing stores (e.g., engines, fuel tanks, etc.), with nonlinear
pylon connections between them. The fact that underwing stores can
introduce nonlinearities has been known since Breitbach [19]. More
recently, Beran et al. [20] reported that the presence of an attached
store/pylon introduces nonlinear kinematical terms in the equations
of motion of a cantilever wing. Additionally, Göge et al. [8] showed
GVT results demonstrating that underwing engines mounted on
pylons can exhibit free play in the yaw mode.

The wing created for the present experiments consists of a rec-
tangular aluminum plate supported using bungee chords and two
stores suspended beneath thewing via pylons, as shown inFig. 2. The
nonlinear pylon/store support arrangement was based on clamping
the pylon plates in a variable-profile clamp, as shown in Fig. 3. In
this clamp, the pylon plates become shorter, and therefore stiffer, as
they are deflected laterally. The exact clamp profile was calculated
numerically, with the objective being to generate a near-cubic
hardening stiffness arrangement. The clamp surfaces were machined
numerically.

IV. Experimental Arrangement

Figure 2 also shows the arrangement of the model, supported from
a frame via bungee chords in a nominally free–free configuration.
The bungees should ideally have been longer to reduce the rigid-
body frequencies, which were around 20% of the first flexible mode.
Two Gearing andWatson V4 shakers were attached to the centerline
of the wing via force gauges and driven by Gearing and Watson
power amplifiers using a constant current; the aim was to excite and
measure bending and not torsionmodes. It was found previously that
when the shakers were attached to the store masses, the allowable
armature motion was insufficient to allow the required motion for
the pylon arrangement under investigation to behave sufficiently
nonlinearly. In total, nine accelerometers were positioned along the
centerline of the wing and on the two stores, as shown in Fig. 4.
Acceleration and force were measured using PCB Piezotronics
transducers. An LMS SCADAS III data acquisition system was
employed for excitation and measurement of the model, using
various advanced test and analysis software packages, as well as
user-developed programs.Fig. 2 Photograph of wing/pylon/store arrangement.

Fig. 3 Variable-profile clamp arrangement.

PLATTEN ETAL. 1617



V. Static and Dynamic Characteristics of Store/Pylon

A. Static Characteristics of Store/Pylon Arrangement

Because each store/pylon arrangement could be detached from the
wing, it was decided to first perform a static load test on the two
assemblies. Load/deflection curves for both store/pylons are shown
in Fig. 5, and it is clear at first sight that a hardening stiffness
characteristic is present. The curve for each store/pylon was fitted
using a cubic polynomial; the resulting equations were

L1 � 3:28 � 108x31 � 3:39 � 105x21 � 7:70 � 103x1 � 0:01 (11)

L2 � 3:65 � 108x32 � 4:87 � 105x22 � 7:39 � 103x2 � 0:48 (12)

where L1 is the load on store 1, L2 is the load on store 2, x1 is the
deflection of load 1, and x2 is the deflection of store 2. It is clear that
both assemblies feature a slight asymmetry, as the polynomial curve
fits contain constant and second-order terms. Additionally, there was
some difference between the stiffness values of the two store/pylons,
as it was not possible to construct both identically. The cubic and
square term coefficients also differ between stores; consequently, in
the �65 N load range, store assembly 2 (Fig. 5b) is slightly more
nonlinear than store assembly 1 (Fig. 5a).

B. Dynamic Characteristics of Store/Pylon Arrangement

To further explore the store/pylon assembly characteristics, it was
decided to undertake a dynamic test. A hammer test was carried out
on the unit to generate a freely decaying response. The decaying time
history of Fig. 6 shows a classical single-degree-of-freedom form,
with no obvious nonlinear effects. The presence of a stiffness
nonlinearity would be seen by a variation in natural frequency with
amplitude and of a damping nonlinearity by changes in damping
ratiowith amplitude. It is possible that there is a very slight nonlinear
damping effect, seen by studying the logarithm of the decay, as seen
in Fig. 6b; for a linearly damped system, the envelope of the
logarithm of the decay should be a straight line.

Fig. 4 Diagram of wing/pylon/store arrangement with accelerometer
and shaker positions.
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Fig. 5 Static load/deflection curves for the two store/pylon assemblies.
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To determine the nonlinearity present in the hammer-test results,
the decaying response data were processed to yield the peak
amplitudes per cycle to estimate the instantaneous damping and the
period oscillation at each cycle to estimate the instantaneous fre-
quency. The resulting instantaneous variations of natural frequency
(actually damped natural frequency, but this is a small effect) for the
two store/pylon assemblies are shown in Fig. 7; the frequency is seen
to increase at higher amplitudes, as would be expected for a system
featuring a hardening stiffness nonlinearity. The variation of instan-
taneous damping ratio against amplitude, determined from a series of
different tests, is shown in Fig. 8; there is no obvious trend with
amplitude, but the damping for store 1 is somewhat greater than that
for store 2.

VI. Dynamic Characteristics of Wing/Store/Pylon

A. Modal Characteristics Random Excitation

Initial tests were performed on the model using two shakers with
multiple uncorrelated burst random-excitation signals at several
drive voltage levels. A sample FRF is shown in Figs. 9 and 10,
zoomed into different frequency ranges. At the lower voltage levels,

the FRFs were relatively unaffected by amplitude, but at the higher
levels, the natural frequency increased and homogeneity was clearly
not satisfied; this behavior is evidence of a hardening stiffness
nonlinearity, as expected from the store/pylon static assembly tests.
There is no obvious evidence from the FRFs of a change in damping
with response amplitude. The equivalent results for modes 4 and 5 do
not indicate any noticeable lack of homogeneity for the voltage levels
applied.

The results from the random-excitation tests already provide
several important pieces of information concerning the system:

1) The system contains nonlinearity that only significantly affects
its response at relatively high levels of excitation.

2) The nonlinearity is of the hardening type, as it increases the
natural frequencies seen in the FRFs.

3) The nonlinearity only affects the first three modes at the
excitation levels considered. The other two modes with frequencies
up to 135 Hz remain unaffected.

Consequently, a good nonlinear model of the structure under
investigation in the range up to 150 Hz is expected to contain five
modes, two of which are completely linear (modes 4 and 5) and three
of which are nonlinear (modes 1, 2, and 3).
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Fig. 7 Instantaneous response frequency against response amplitude for the two store/pylon assemblies.
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Fig. 8 Instantaneous response damping against response amplitude for the two store/pylon assemblies.

PLATTEN ETAL. 1619



The NL-RDM requires an estimate of the modal parameters of the
underlying linear model. It was considered that the lower two levels
in the random-excitation tests were sufficiently unchanged for the
system’s dynamic behavior in that excitation region to be treated as
linear. The natural frequencies, damping ratios, andmodalmasses for
the first five modes, extracted from the entire FRF matrix using the
PolyMAX [21] parameter estimation method, are shown in Table 1.

The corresponding mode shapes are shown in Fig. 11. The modes
shapes were found to be relatively independent of excitation level, as
was also concluded by Göge et al. [16] from their practical expe-
rience on aerospace structures. Modes 1, 3, and 5 are symmetric and

modes 2 and 4 are antisymmetric. Mode 2 is most sensitive to the
differences in stiffness characteristics between the two pylons,
displaying the greatest level of asymmetry. All the modes are nearly
real, and so the damping is essentially proportional; nonproportional
damping would have yielded linearly coupledmodes.Modes 1 and 2
feature the highest levels of rotation between the store and the wing
and are justifiably themost nonlinear.Mode 3 features a small degree
of store rotation and is therefore less nonlinear than the first two
modes. The amount of store rotation present in mode shapes 4 and 5
is negligible; these two modes are almost completely linear and will
be treated as such throughout the rest of the present discussion.

Fig. 9 FRFs between store 1 lateral and shaker 1 vertical around modes 1 and 2 for various levels of random input (volts).

Fig. 10 FRFs between store 1 lateral and shaker 1 vertical around mode 3 for various levels of random input (volts).

1620 PLATTEN ETAL.



Finally, the multivariate mode indicator function approach was
applied to determine the force patterns required to excite each of the
normal modes. The five modes occur when the MMIF drops to near
zero. The appropriated force vectors are 1:0:95, 1: � 0:90, 1:1:10,
1: � 1:08, and 1:1:12. For modes 1, 3, and 5, the patterns reflect the
symmetry, whereas for modes 2 and 4, the antisymmetry is evident.

B. Further Assessment of the Nonlinear Behavior of the System

To examine the nonlinear region beyond what was possible using
random excitation, without risk of damaging the shaker, it was de-
cided to apply a multiphase stepped sine approach with two shakers
acting in or out of phase. In this approach, two force patterns are
typically applied in turn (say, 1:1 and 1: � 1) at a range of fre-
quencies; a steady-state response is sought at each frequency. The
results are then combined to generate an FRFmatrix. However, it was
decided to examine only the response amplitude spectrum (not the
FRF).

The pattern 1:1was applied to excitemode 1 and the pattern 1: � 1
to excite mode 2, both at a range of excitation levels; any shaker/
structure interaction was compensated for by use of a force ampli-
tude/phase control. Amplitude spectra for modes 1 and 2 are shown
in Fig. 12; it can be seen that the characteristic hardening stiffness
behavior of a shift up in frequency followed by a jump down is
evident in both modes. Mode 3 showed little nonlinearity for the
force levels examined and so the results are not presented here.

VII. Choice of Burst Excitation Signals for NL-RDM

The application of theNL-RDM requires a burst excitation of each
mode, stopping sufficiently early that the response decays within the
acquisition window so that leakage is minimized when any numeri-
cal integration of the measured acceleration signals is performed.
Normally, the burst signal is a sine wave at the undamped natural
frequency of interest and a triangular burst amplitude is employed,
ramping up and down in amplitude to avoid severe transients (and so
setting off responses in other modes, such as rigid-body motion).

The principle is that by applying a sine wave and increasing its
amplitude, the systemwill respond sufficiently nonlinearly to allow a
successful nonlinear identification. Also, by using an appropriated
force pattern, the dominant excitation force will be applied to the
mode of interest.

However, it was found for this wing/store/pylon structure that
when seeking to excite either of thefirst twomodes at their undamped
natural frequencies, an inadequate level of response was obtained
and that nonlinear features in the response data were not sufficiently
prominent; by inspecting Fig. 12 it may be seen that this behavior is
due to the fact that each undamped natural frequency (14.45 Hz for
the first mode and 17.42 Hz for the secondmode) was well below the
frequency at which peak response occurredwhen employing stepped
sine excitation. The figure shows that by working upward in
frequency and using a stepped sine approach, it is possible to traverse
the upper stable limb of the curve, thus generating a significantly
higher amplitude than would be obtained at the natural frequency.

It was therefore decided to apply a burst narrowband chirp instead
of a burst sine wave for modes 1 and 2. Here, the chirp excitation
frequency started at a constant value and the excitation amplitudewas
ramped up. The frequency was then increased linearly, such that the
modal response moved up the amplitude curve toward the maximum
value at which the nonlinearity was being strongly exercised. The
excitation was held at this end frequency and then ramped down,
finally leaving time for the system to decay. The complete excitation
signal was given by

fr�t� �

8>>>>><
>>>>>:

A0
t1
t sin!r1 t for t < t1

A0 sin

�
!r2�!r1
t2�t1

�
t2�t2

1

2
� t1t

�
� !r1 t

�
for t1 < t < t2

A0

�
1 � t�t2

tf�t2

�
sin�!r2�t � t2� � �� for t2 < t < tf

(13)

where

Table 1 Natural frequencies, damping ratios, and modal masses

estimated from low-level random-excitation tests

Mode Natural frequency, Hz Damping ratio, % Modal mass, kg

1 14.45 0.50 2.00
2 17.42 0.49 2.36
3 31.96 0.61 1.51
4 76.47 0.33 0.94
5 131.80 0.31 1.03
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Fig. 12 Amplitude response to stepped sine excitation for modes 1 and 2.

Fig. 11 First five mode shapes.
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and where !r1 and !r2 are frequencies lower and higher than the
frequency of the mode of interest, respectively. Even though the
excitation frequency is not held constant at the natural frequency, the
force appropriation approach still works to an extent, as it acts as a
coarse filter to minimize the response of the other modes (apart from
those modes that are nonlinearly coupled to the mode being excited).

Mode 3 was tested using a standard burst sine wave of the form of
Eq. (8), because it was not possible to drive the mode sufficiently
strongly to achieve a significant frequency shift. Modes 4 and 5 were
not identified using NL-RDM, because the linear modal parameters
were assumed to be capable of fully describing them, as no apparent
nonlinear behavior was evident in the FRFs generated from the
random-excitation test results for these modes.

VIII. Identification of Nonlinear Characteristics
Using NL-RDM

The NL-RDMwas applied to the structure using two shakers with
an appropriated excitation pattern for each mode of interest (i.e.,
modes 1 to 3). The physical forces and accelerations were measured;
themodal forces and responses were then calculated by transforming
the physical coordinate forces and responses to modal space using
the modal matrix composed of the five mode shapes from the earlier
linear identification at low excitation levels. For each mode, the
modal accelerations were integrated in time to obtain modal veloc-
ities and displacements. These integrations were performed after a
transformation to the frequency domain. The complete leakage-free
signals were thus treated. The modal responses, modal kinetic
energy, and modal power for each mode were examined and used to
assist in deciding which direct and coupling terms to include in the
nonlinear model for each mode.

Purely polynomial basis functions of order 3 were used for the
construction of the nonlinear models, to keep the order of the model
as low as possible. Equations (11) and (12) show that the nonlinearity
in the store/pylon assemblies also contains quadratic terms.
Therefore, a cubic-only curve fit is a simplification; however, it
allows the construction of less complex nonlinear models that still
represent the important dynamics of the system (i.e., hardening
behavior). No nonlinear damping was modeled, as the random-
excitation tests showed little evidence of such nonlinearity in the
system.

The significance and parameter value of each term in the nonlinear
model were determined by means of a nonlinear curve fit. The latter
fit used data from only the steady-state and decaying parts of the
response and excitation signals (i.e., from time t� t1 to the time
instance when all responses decayed to zero). The amplitude ramp-
up sections of the data were neglected (i.e., from time t� 0 to t1).

When performing nonlinear system identification it is necessary to
use at least two data sets, one for the curve fit and one for validation,
to ensure that the model fits the system and not just the data [1]. Half
of the data points were selected at random to form the identification
set, and the other half of the data points were used as a test set to
determine the quality of the curve fit and to allow term selection.

The modal mass values used in the nonlinear curve fits were
obtained from Table 1 (i.e., from the modal parameter estimation
performed on the low-amplitude random-excitation data set). The
linear damping and stiffness terms were calculated as part of the
nonlinear curve-fitting process. Comparison with the linear
PolyMAX results in Table 1 indicates a very good agreement for
these terms. The complete nonlinear curve fit was therefore of the
form

mr �pr � fr ��cr _pr � krpr � A1r
p3
1 � A2r

p2
1p2 � A3r

p2
1p3

� A4r
p1p

2
2 � A5r

p1p2p3 � A6r
p1p

2
3 � A7r

p3
2 � A8r

p2
2p3

� A9r
p2p

2
3 � A10r

p3
3 (14)

for r� 1, 2, 3, where the unknowns to be evaluated were cr, kr, and
A1r

to A10r
.

As the number of terms in this model is relatively small, the best
model structure was chosen by performing an exhaustive search.
Model structure selection is an essential part of nonlinear system
identification procedures, because not every candidate term should
be included in the final model. In other words, some of theA1r

toA10r

coefficients may have values of 0. Several structure selection pro-
cedures have been proposed in the literature, such as forward
regression, backward elimination, orthogonal estimation [22], gene-
tic algorithms [23], and others. All such procedures involve the
evaluation of different models (i.e., different combinations of
candidate terms). Each such combination is curve-fitted and assigned
a quality-of-fit statistic. Finally, the model with the best quality of fit
is selected.

An exhaustive search procedure implies that all the possible
combinations of candidate terms are evaluated. The resulting model
is the absolute optimum given particular sets of candidate terms and
data. Such a procedurewould be too computationally expensive for a
large number of candidate terms but could be easily applied in the
present case, due to the low number of candidate terms. Thus, one of
the main advantages of the NL-RDM method is highlighted: by
limiting the number of terms participating in the responses, the
nonlinear models can be simpler and evaluated with more accuracy.

Figure 13 shows the variation of the quality-of-fit criterion against
the number of nonlinear terms in the model. It must be stressed that
the linear damping and stiffness termswere included by default; only
nonlinear terms were subjected to the selection procedure. The
quality-of-fit criterion used in this case was the mean square of the
residual between measured and reconstructed responses: that is,

MSE � 1

N

XN
i�1

�
pr � ~pr
pr

�
2

where MSE stands for mean square error, N is the number of
measured time instances, pr is the measured modal response, and ~pr
is the modal response estimated from the time integration of the
identified model. Figure 13 shows that five terms are enough to
minimize the mean square of the residual for all three modes curve-
fitted. However, it should be noted that the overall quality of fit for
mode 2 is not as good as for mode 1, and that for mode 3 is the best.
This suggests that the inclusion of second-order candidate terms
might have been necessary in the curve fits of modes 1 and 2.

The final selected models and parameter estimates for all three
modes are shown inTables 2 and 3. Table 2 shows the estimates of the
linear parameters (cr and kr) obtained from the nonlinear curve fits
and compares them with those obtained from the PolyMAX modal
estimation procedure. It can be seen that there are very small differ-
ences between the two sets of estimates, and this is encouraging.
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Fig. 13 Quality of fit against the number of nonlinear terms.
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Table 3 shows the estimates for the nonlinear coefficientsA1r
toA10r

.
A zero value for one of these coefficients denotes that the
corresponding term was not included in the final model.

Based on the parameter estimates presented in Tables 1–3 and the
model structure of Eq. (14), the complete identified equations of
motion for the wing/store/pylon system can be written as

2:00 �p1� 1:92 _p1� 1:64� 104p1� 3:39� 108p3
1� 1:53

� 109p2
1p2� 7:70� 108p2

1p3� 3:14� 109p1p
2
2� 9:49

� 107p3
3� f1�t�

2:36 �p2� 2:59 _p2� 2:84� 104p2� 5:93� 109p2
1p2 � 1:32

� 1010p1p2p3� 1:13� 109p3
2� 1:65� 109p2

2p3� 2:15

� 1010p2p
2
3�f2�t�

1:51 �p3� 3:06 _p3� 6:12� 104p3� 2:34� 108p3
1� 1:47

� 109p2
1p3� 6:42� 1010p1p2p3� 2:31� 109p1p

2
3� 1:34

� 109p2p
2
3�f3�t�

0:94 �p4� 2:92 _p4� 2:16� 105p4� f4�t�
1:03 �p5� 5:28 _p5� 7:03� 105p5� f5�t� (15)

It should be mentioned that under appropriated excitation, the
amplitudes of the cross-coupled modal responses were about an
order of magnitude lower than those of the direct modal responses.
Therefore, all the cross-coupled nonlinear terms in Eqs. (15) are at
least an order of magnitude smaller than the direct nonlinear terms.
This difference demonstrates that the purpose of the cross-coupling
terms in the nonlinear curve fit is mainly to improve the accuracy of
the identification of the direct terms.

A. Identification of Mode 1

For the symmetric mode 1, involving considerable store motion,
the fit yielded cubic hardening direct terms involving modes 1 and 3
but also some cross-coupling terms between modes 1,2 and 1,3. The

terms involving mode 2 suggest either some lack of symmetry in
mode 1 or an imperfect appropriation. Themeasured and curve-fitted
restoring force surfaces for this mode are compared in three dimen-
sions in Fig. 14a. The two-dimensional section of these surfaces for
_p1 � 0 is plotted in Fig. 14b. Both figures show that the quality of the
identification of the restoring force surface is very good. The
presence of hardening stiffness nonlinearity for this mode is very
clear.

B. Identification of Mode 2

Here, a similar approach was used as for mode 1, except that a
different force pattern and frequency range were obviously em-
ployed. In this case, a cubic hardening term inmode 2was identified,
along with coupling terms involving all three modes. The measured
and curve-fitted modal restoring force surfaces are shown in Fig. 15,
again in 3-D and 2-D views. The presence of a hardening stiffness
nonlinearity for this mode is also very clear and the agreement
between the measured and fitted surfaces is very good.

C. Identification of Mode 3

For this mode, a burst sine appropriated force was applied, as
mentioned previously. The identification yielded a direct cubic term
in mode 1 and several cross-coupling terms involving all three
modes. However, the direct cubic term in mode 3 is noticeable by its
absence. It is believed that this absence is due to the fact that the
behavior of mode 3 was only mildly nonlinear, as seen from the
random-excitation test results. As usual, the measured and fitted
modal restoring force surfaces are shown in Fig. 16 in 3-D and 2-D
views. The presence of a hardening stiffness nonlinearity for this
mode is not apparent in these plots. In fact, the 2-D section of Fig. 16b

Table 3 Nonlinear term coefficients identified for

modes 1–3

Coefficient Mode 1 Mode 2 Mode 3

A1r
3:39 � 108 0 �2:34 � 108

A2r
�1:53 � 109 5:93 � 109 0

A3r
�7:70 � 108 0 1:47 � 109

A4r
3:14 � 109 0 0

A5r
0 �1:32 � 1010 6:42 � 1010

A6r
0 0 �2:31 � 109

A7r
0 1:13 � 109 0

A8r
0 1:65 � 109 0

A9r
0 2:15 � 1010 1:34 � 109

A10r
�9:49 � 107 0 0

Fig. 14 Comparison of mode 1 measured and curve-fitted restoring force surface.

Table 2 Linear direct term coefficients formodes 1–3 identified

by NL-RDM and PolyMAX

Mode cr NL-RDM cr PolyMAX kr NL-RDM kr PolyMAX

1 1.92 1.80 1:64 � 104 1:65 � 104

2 2.59 2.55 2:84 � 104 2:83 � 104

3 3.06 3.71 6:12 � 104 6:07 � 104
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appears almost linear. Nevertheless, the agreement between the
measured and fitted restoring force surfaces is good.

It is possible that higher-amplitude excitation might have yielded
more obviously nonlinear responses. However, it was found prac-
tically impossible to excite this mode at a higher level without
endangering the experimental model and instrumentation.

D. Rigid-Body Modes

Thewing/store/pylon structurewas suspended upon bungees from
a frame. As such, the arrangement of the instrumentation and shakers
allowed rigid-body motion in heave (vertical displacement), roll
(rotation around the wing’s centerline), and sway (in-plane displace-
ment in the spanwise direction). It was assumed that the bungees
behaved linearly and, therefore, the rigid-body modes did not couple
nonlinearly to the elastic modes. It can often be difficult to identify
the rigid-body mode characteristics experimentally when the fre-
quencies arevery low, because of imperfect shaker and accelerometer
performance at such frequencies.

XI. Model Validity

In all system identification, the final mathematical model reflects
only the aspects of the original system thatwere tested and used in the

identification process. Any features of the system that were not
measured and/or not curve-fitted will not be reflected by the model.
Therefore, the range of validity of a model is limited by the test
conditions. Outside the range of validity, linear identified models are
no longer representative of the system. However, when nonlinear
identifiedmodels are used outside the range of validity, theymaywell
fail completely (i.e., they can be unstable), especiallywhen themodel
contains polynomial terms.

As explained earlier, the NL-RDMuses appropriated excitation to
generate the force and response data that will be used in the nonlinear
curve fit. This means that for eachmode to be identified, the response
data contain major contributions from this same mode and minor
contributions from other, nonlinearly coupled, modes. Therefore, the
nonlinear terms depending only on the mode under consideration
will be identified with a large range of validity, corresponding to the
maximum excitation amplitude applied to this mode, whereas the
cross terms will have a much smaller range of validity, because the
other modes are not excited to the same extent. It follows that any
nonlinear model obtained from appropriated excitation data will not
be representative of the true system in the case in which all modes
may be excited to a large extent. And, as polynomial curve fits very
often blow up when extrapolated, it is logical that identified models
of this type may become unstable when they are used under non-
representative conditions.

Fig. 16 Comparison of mode 3 measured and curve-fitted restoring force surface.

Fig. 15 Comparison of mode 2 measured and curve-fitted restoring force surface.
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Figures 14–16 show that the data measured from the system
featured modal displacements of amplitude �4 mm in all three
modes. Therefore, the identifiedmodel should be representative up to
this response amplitude. The amplitude of the modal velocities is not
critical, because no nonlinear damping terms were included in the
model. The identifiedmodel of Eqs. (15) is valid for the case inwhich
only one of the nonlinear modes (p1, p2, or p3) responds with an
amplitude in the�4 mm range; the other twomodes must be excited
to a much smaller amplitude range for the model to be valid.

When all three modes respond at high amplitudes, Eqs. (15)
become unstable because the nonlinear coupling terms are extrapo-
lated. In this case, the nonlinear submodel including only direct terms
can be used: that is,

2:00 �p1 � 1:92 _p1 � 1:64 � 104p1 � 3:39 � 108p3
1 � f1�t�

2:36 �p2 � 2:59 _p2 � 2:84 � 104p2 � 1:13 � 109p3
2 � f2�t�

1:51 �p3 � 3:06 _p3 � 6:12 � 104p3 � f3�t�
0:94 �p4 � 2:92 _p4 � 2:16 � 105p4 � f4�t�
1:03 �p5 � 5:28 _p5 � 7:03 � 105p5 � f5�t� (16)

It can be seen that there are only two nonlinear modes now, modes 1
and 2, as the nonlinear terms in mode 3 were all indirect or cross-
coupling terms (i.e., there was no nonlinear term involving only p3).
Mode 3 is now an uncoupled linear term, just like modes 4 and 5. It
must be stressed that despite the fact that the Eq. (16) only contains
direct nonlinear terms, it is more accurate than the equation that
would have been identified if only direct terms had been considered
in the curve fit. In this latter case, the coefficients of the direct
nonlinear termswould contain contributions from the cross-coupling
terms. This inaccuracy is not present in the identified model of
Eq. (16).

X. Conclusions

In this paper, an aircraftlike nonlinear continuous wing/store/
pylon experimental structure was identified using the NL-RDM
approach. Discrete hardening stiffness nonlinearity was located in
the pylon rotation degrees of freedom. The results showed evidence
of a hardening nonlinear stiffness at higher amplitudes for the first
three modes. The NL-RDM succeeded in estimating good-quality
nonlinear modal models for the first three modes, with direct hard-
ening nonlinearity terms in modes 1 and 2. Mode 3, although non-
linearly coupled to the first two modes, did not feature direct
hardening stiffness itself. Modes 4 and 5 behaved linearly and so a
linear modal model sufficed.

The paper describes a complete successful application of the NL-
RDM methodology, starting with a first characterization of the sys-
tem and ending with a full five-mode combined linear and nonlinear
mathematical model that corresponded very well with the measured
data. Several particularities of the system are highlighted and the
necessary adaptations of the NL-RDM are described. The validity of
the resulting identifiedmodel is explored and the advantages of force
appropriation-based nonlinear system identification are discussed. In
the future, the NL-RDM technique will be applied to other test data
featuring different nonlinearities.
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